
STAT F 407 – STOCHASTIC PROCESSES (PART B) – JAN. 2017

NAME : First Name : Section :

• Explain all your answers.

• Please write in a readable way.

Q1 Q2 Q3 Q4 Q5 Q6 TOTAL
/4 /3 /3 /3 /4 /3 /10

1.

1. State and prove the Bayes formula.

2. State and prove the Markov inequality.
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2. A random variable X has density

fX(x) =

{
κx3 if x ∈ [0, 1]

0 else.

1. Find the constant κ.

2. What is the variance of X?

3. Compute the expectation of X3 + 4.
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3.
Suppose a casino takes 500 successive bets at a roulette table. For simplicity assume that all

players bet exactly 1 Euro on red or black (i.e. the chance to win is 18/37.)

1. What is the (approximate) probability that the bank has lost money after the 500 bets?

2. After how many of such bets can the bank be 95% sure to have gained money?

Hint: Use normal approximation. Table is attached.
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4. Consider the homogeneous Markov chain on the states {1, 2, 3} with transition matrix

P =

 2/3 1/3 0
1/3 1/3 1/3
0 0 1

 .
1. Draw the weighted graph associated with this Markov chain and classify the states.

2. Compute the matrices R (conditional expected number of visits) and F (conditional probability
of first visit/return) and interpret them.
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5.

a) What is a homogeneous Markov (continuous-time) process (Xt)t≥0 on S?

b) Let Wt = inf{s > 0 |Xt+s 6= Xt} be the survival time of state Xt of a homogeneous Markov
process (Xt)t≥0 on S. Let i ∈ S. Show that then either

• (i) Wt|[Xt = i] = 0 a.s., or

• (ii) Wt|[Xt = i] =∞ a.s., or

• (iii) Wt|[Xt = i] ∼ Exp(λi) for some λi > 0.
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6.

a) Give the definition of a standard Brownian motion (Xt)t≥0.

b) Show that the process (Xt) is a martingale with respect to the natural filtration.

c) Show that the process (Yt)t≥0 defined for any t ≥ 0 and θ ∈ R, by

Yt = exp

(
θXt −

θ2

2
t

)
is also a martingale with respect to the natural filtration.
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